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Abstract 
We show that 3-orbifolds without bad spheres can be covered by manifolds under some hy- 
potheses. 
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1. Introduction 
An n-orbifold is a topological space locally modelled on (an open set in LR”)/(a finite 
group action) and each point of it is provided with isotropy data. A manifold is regarded 
as an orbifold whose local group on each point is trivial. A covering orbifold _% of an 
orbifold X is an orbifold which can be mapped onto X and is locally the quotient by a 
subgroup of the local group of X. There exists a unique universal covering orbifold as a 
usual covering space [8]. An orbifold is called good if it has a covering orbifold which 
is a manifold and called bad otherwise. In [8], Thurston conjectured that a 3-orbifold is 
good if it has no bad spheres. 
In this paper, we prove the following theorems as partial solutions of the Bad Orbifold 
Conjecture: 
Theorem B’. Let M be a 3-orbifold without turnovers. If M has no bad spheres, then 
M is good. 
Theorem C’. Let M be a 3-orbifold each of whose nontrivial local group is &. If M 
has no bad spheres, then M is good. 
At first we prove the compact and orientable case: 
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Theorem A. Let M be a compact and orientable 3-orbifold without bad spheres. Let 
F be a properly embedded, 2-sided, and incompressible 2-suborbifold in M. Put M’ = 
M - l?(F). If each component of M’ is good, then M is good. 
Theorem B. Let M be a compact and orientable 3-orbifold without turnovers. If M has 
no bad spheres, then M is good. 
Theorem C. Let M be a compact, orientable, and irreducible 3-orbifold each of whose 
nontrivial local group is Zz. If M has no bad spheres then, M is good. 
Theorem A together with the theorem of the existence of a hierarchy gives a positive 
solution of the Bad Orbifold Conjecture in the generic case that the orbifold is sufficiently 
large. In Theorems B and C, we also deal with the special case that the orbifold is not 
sufficiently large. The results are obtained by constructing manifold orbi-coverings of the 
orbifolds. 
In the noncompact case, we can detect a compact and bad suborbifold and reduce 
Theorem B’ (respectively C’) to Theorem B (respectively C). Furthermore, in the nonori- 
entable case, we construct an orientable orbi-covering so that reduce Theorem B’ (re- 
spectively C’) to Theorem B (respectively C). 
2. Preliminaries 
For basic facts about orbifolds, see [6-81. We state some theorems about 3-orbifolds 
used in the proof of main theorems. In Sections 2, 3, and 4, we suppose the codimension 
of the singular set (i.e., the set of points with nontrivial local groups) of an orbifold is 
more than two (that is, a “branchfold”). For an orbifold M, we use the symbols CM and 
1M1 to denote the singular set and the underlying topological space of M, respectively. 
For z E M, we call the order of the local group of 2 the index of 2. 
Theorem 2.1 (Loop Theorem). Let M be a good, compact, and orientable 3-orbifold 
with boundaries. Let F be a compact and connected 2-suborbifold in 8M. If 
Ker (~1 (F) --f r](M)) # 1, th en, there is a simple closed curve C in F such that 
C bounds a discal suborbifold in M and does not bound any discal suborbifold in F. 
Theorem 2.2 (Sphere Theorem). Let M be a good, compact, and orientable 3-orbifold. 
Let G be the universal cover of M. If Q(M) # 0, then there is a spherical suborbifold 
S in M such that the lift of S in z represents a nontrivial element of TZ(%). 
Theorem 2.3. Let M be a good, compact, and orientable 3-orbifold. If M is irreducible, 
then any covering of M is irreducible. 
The proofs of these theorems can be done by using the equivariant theorems in [4], 
and can be found in [9]. 
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Let 1 be a singular locus of a 3-orbifold M. We call p a normal loop of 1, if p is a 
boundary loop of a disc in M which meets I transversally in a point. 
Theorem 2.4. A 3-orbifold M is good if and only zffor each normal loop p, the order 
of [p] E ~1 (M) coincides with the index of the locus of p. 
See [5, Theorem 51 or [6, p. 1861. 
A 2-orbifold F is called a turnover if IF] is a 2-sphere and CF consists of three 
points. 
Theorem 2.5 (The Existense of Hierarchy [l]). Let M be a compact and orientable 3- 
orbtfold without bad spheres. If M is irreducible, sufficiently large, and all turnovers 
with nonpositive Euler number in M are boundary parallel, then M has a hierarchy. 
Remark 2.6. (1) “Sufficiently large” means that there is an incompressible 2-suborbifold 
which is not boundary parallel. (See 111.) 
(2) Each piece of the orbifold at the last stage of hierarchy is either a ballic orbifold 
or (a turnover with nonpositive Euler number) x I. In any case, it is good. 
We show the following theorem by using Theorems 2.1 and 2.4. 
Theorem A. Let M be a compact and orientable 3-orbifold without bad spheres. Let 
F be a properly embedded, 2-sided, and incompressible 2-suborbifold in M. Put M’ = 
M - i?(F). If each component of M’ is good, then M is good. 
Proof. We construct a complex 3(M) as follows. 
Since F is 2-sided, the regular neighborhood of F is orbi-isomorphic to F x [-1, 11, 
FxO = F. Put F+ = Fx 1, F- = Fx (-l), F0 = F-:(CF), F,+ = F+-$CF+), 
and F[ = F- - L?(,XF-). Put CF = {xl,. . , zcT}, z+ = ZEN x 1, and z, = zi x (-I), 
i = I, 2, , r. Let bi be the index of xi, and p+, & be the normal loops around xf , xi, 
respectively. Let eq be 2-discs, and pf the map from aez to & of degree bi, E = +, -. 
Let It, . . . , 1, be all singular loci which do not intersect F. Let cj be the index of lj and 
uj be the normal loop around Zj. Let Aj be the 2-disc and & the map from aA, to uj 
of degree cj. Let F(M) (respectively G”) be the complex derived from attaching ef and 
n 
Aj to M - c(CM) (respectively F,E) by ‘p$ and q$, respectively. 
Let ,U be a normal loop in M. Let b be the index of the locus of p. Suppose [p]” = 1 
in rrt (M), c < b. Let Ml be the component of M’ such that i_~ c Ml and Mz be the 
other one (possibly empty). There is a map f : 0’ + T(M) such that [f]aD’] = [pLJc in 
rrt (F(M)). By general position arguments, we may assume f-‘(Fo) consists of simple 
closed curves on D*. Define n(f) to be the number of the component of f-‘(Fc). Let 
Cr be an innermost one of them. We may assume that there is a subdisc E of D2 
such that E n f-‘(Fo) = Cl and aE c F,“. Suppose [f(Cr)] = 1 in nl(F). Then 
[f(aE)] = 1 in rrt (G”). Hence we can construct a map ft : D2 + 3(M) such that 
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[jr ]dD*] = [p]’ in rri (F(M)) and n(fi) < n(f). If we have a map fS : D* + F(M) 
such that [fS 1 N12] = [plc . m rri (3(M)) and n(fs) = 0, by iterating this procedure, then 
[II]” = 1 in rri (Ml). By Theorem 2.4, this contradicts the fact that h/r, is good. Therefore, 
by iterating this procedure, there is a map fk : D* + F(M) such that an innermost curve 
ck of f-I(&) satisfies [ck] # 1 in rr(8’). Then [ck] = 1 in rri (Mj), j 
Theorem 2.1, this contradicts the fact that F is incompressible in M. Thus 
7~1 (M), c < b. Hence, by Theorem 2.4, M is good. 0 
3. The proof of Theorem B 
= 1,2. By 
1~1” # 1 in 
Theorem B. Let M be a compact and orientable 3-orbifold without turnovers. If M has 
no bad spheres, then M is good. 
Proof. Cut M into irreducible pieces. By Theorem A, we have only to show that each 
component is good. If each component is sufficiently large, then it has a hierarchy, by 
Theorem 2.5. Hence, by Theorem A, it is good. For the components with boundaries, 
by the hypothesis, the components of the boundaries are not turnovers. Thus, by [l, 
Theorem 111, it is sufficiently large. Thus, we assume a component, Ml, is closed and 
has no incompressible 2-suborbifolds. 
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We prove Theorem B by the induction on the number of the components of the singular 
set which are simple closed curves. Let Kr , K2, . , Kn+l be the components of CM,. 
Let N be the orbifold derived from Ml by changing the index of K,+l to 1. Clearly, N 
is compact and orientable. Suppose that there is a turnover in N. Since each component 
of CN is a simple closed curve, the underlying space of the turnover is a nonseparating 
2-sphere in IN]. By general position arguments, the intersections of the 2-sphere and 
CM, are points. Let I(S2, CM,) be the number of the intersection points of a 2-sphere 
S2 and EMI. Let S be one of such turnovers such that 
I(]S], CM,) = min {I(S2, CM*) 1 S2 is nonseparating in IN]}. 
By the minimality of intersections, we can show that S is incompressible in Ml. Con- 
tradiction. Thus, there are no turnovers in N. Similarly, we can prove that there are no 
bad spheres in N. Hence, from the induction hypothesis, N is good. 
Let p : E -+ N be the universal cover. fi is a manifold. By Theorem 2.2,7~( INI) = 0. 
Note that p : fi + N naturally induces an orbi-covering of Ml. We rewrite it by p : El + 
Ml. Note that each component of p-‘(K,+I) is homeomorphic to either 5” or 83’ and 
that 7r2( 1% I) = 0. Hence 
pi is a meridian around each component of p-‘(K,+l). Let k be the index of K,+,. 
The index of each component of p-‘(K,+I) is also lc. Let 
qkH@,/-p-‘(K,+,)) 4Zk=(z(zk=0) 
be the map defined by 4((pi)) = z and 
be the map which is the composition of the canonical epimorphism and 4. Let q : I%?, I -+ 
I Gl I be the Fox completion of the covering associated with Ker cp. [pi] means the element 
of ~t(]Gt] - p-‘(K,+I)) represented by pi. Let H be the subgroup of 7rt(]zt] - 
p-‘(K,+l)) normally generated by [pi] k’S. Since Cp([I_li]“) = 4( (pi)‘) =_Zk =,O, 
H < Ker cp. By [S, Theorem 51, q is an orbi-covering. We rewrite it by q : MA + M,. 
Since ~p([l_~i]‘) = $((pi)‘) = .zl # 0, 1 < k, [pi]’ $ Ker cp for I < k. Hence q : Ml + %& 
is a manifold covering. Thus, q o p : Ml + Ml is a manifold covering. •I 
4. The proof of Theorem C 
Lemma 4.1. Let M be a 3-orbifold (not necessarily compact or orientable). If M has 
no bad spheres, then any 2-sheeted orbi-covering of M has no bad spheres. 
Proof. By using the classical equivariant surgery (see [2, p. 94]), we can detect an 
equivariant bad sphere. 0 
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Theorem C. Let M be a compact, orientable, and irreducible 3-orbifold each of whose 
nontrivial local group is &. If M has no bad spheres, then M is good. 
Proof. From the hypothesis, there are no turnovers with nonpositive Euler numbers in 
M. Hence, if M is sufficiently large, then there is a hierarchy. We assume there are no 
incompressible 2-suborbifolds in M (automatically, M is closed). 
We have #HI (IMI) < 00. Otherwise, there is a nonseparating incompressible surface 
Y in IMI. Let I(Y, CM) be the number of intersection points of Y and CM. Let X be 
one of such surfaces such that 
1(X, CM) = min {I(Y, CM) ( Y . 1s nonseparating and incompressible in /Ml}. 
Let S be the suborbifold in M such that IS] = X. In case X = 2-sphere, it is easy to 
see that S is incompressible in M. Contradiction. In case X # 2-sphere. Let S’ be the 
orbifold derived from S by the surgery along a compressible discal suborbifold in M. 
(From the hypothesis, S is compressible in M.) We have either (genus of IS’]) < (genus 
of IS]) or CS’ < CS. The former contradicts the fact that X is incompressible in IMI 
and the latter does the minimality of 1(X, CM). 
Case 1: Each component of CM has no separating edges. (An edge I of a graph G is 
called a separating edge, if the number of the connected components of G - j is larger 
than that of G.) Since #HI (IMI) < 00, we have a short exact sequence 
0 + H$I(CM), N&FM)) 2 H, (E(CM)) + H, (I”[) --t 0. 
(Here, U(CM) means a tublar neighborhood of CM, and E(CM) = IMI - I?(ZM)). 
Put H = &(H@(CM), W(CM))). 
Let cp : ~1 (E(.XM)) + HI @(CM)) be the abelianization. Put G = cp-t (H). 
Let {It, Z2, . , ZT} be a maximal set of nonseparating edges of each component of 
CM and mi be the meridian loop of Zi. Then, we have H = Z( (ml)) @ Z( (vQ)) @. . @ 
z(b)). 
Let 4 : @L=‘=, z((mi)) + @I=‘=, &(zi) be the map defined by $((mi)) = Zi. Put 
@=+((cp]G). @’ 1s an epimorphism from G to @I=‘=, Zz(zi). 
Let p : E(CM) -+ E(CM) be a covering associated with Ker@. Since ]7rt (E(CM)); 
P*T,(E(CM))I = #(H,(IMI)) ~2’9 @CM) IS compact. Note that, for each meridian p 
of CM, we have (p) = E~(~~)+E~(~~)+-..+E,(~~) in H1(k(CM)), pi = 0,11,12. 
Then, it is clear that [p] $! Ker Pi. S’ mce CM has no separating edges, there exists an 
i E { 1,2, . . , r-} such that &i = 511. Hence [p] E Ker @. Thus, the Fox completion of p 
is a finite manifold covering of M. 
Case 2: Some components of CM have separating edges. Let N be the orbifold derived 
from M by changing the index of all separating edges to 1. Since HI (IN ]) = HI (I M I), 
we have a finite manifold covering p : N + N according to Case 1. This naturally 
induces an orbi-covering of M. We rewrite it by p: %f + M. Clearly, z is compact, 
orientable and all nontrivial local groups have order two. Moreover, by Theorem 2.3 and 
Lemma 4.1, % is irreducible and has no bad spheres. 
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Claim. CG is closed and has no separating edges. 
Let T be any connected component of the set of all separating edges of CM. Note 
that T is a tree. We have only to show that each component F of p-‘(T) is a closed 
graph without separating edges. From the construction of p : G + M, it is clear that T 
is closed. Let e be any edge of T. There is a finite subgroup G of Aut(%,p) such that 
T/G ” T. Let pc be a fundamental domain of the action of G on !?. We may assume 
that e c To. Let I be any simple path in ?a such that e c I and aZ c a?o. Note that 
gl II g’l c a(gZ) u a(g’Z), g, g’ E G, g # g’ and for any g E G, there is at least one 
g’ E G such that gZ n g/Z # 8. Hence, each component of GZ is a simple closed curve. 
Thus, there is a simple closed path in T which includes e. That is, ? has no separating 
edges. 
Therefore, we reduce to Case 1. 0 
5. General case 
In this section, we extend Theorem B and C to “not necessarily compact, or orientable, 
or irreducible” case. 
Lemma 5.1. Let M be an orientable (not necessarily compact or irreducible) 3-orbifold. 
If M is bad, then there is a compact and bad suborbijiold of M. 
Proof. By Theorem 2.4, there is a normal loop p such that [PI’ = 1 in ~1 (M), c < 
(the index of the locus of p). Let 3(M) be the complex constructed in the same way 
as in the proof of Theorem A (regarding that F = 4). Since [p]” = 1 in 7ri (3(M)), 
there is a map f : D2 + .7=(M) such that (flaD2) = pc. Since f(D2) is compact, there 
is a compact subcomplex C of 3(M) such that f(D2) c C. There is a suborbifold K 
of M such that 3(M) = C. Since [p]’ = 1 in 7ri(C), [plc = 1 in ~1 (K). Thus, by 
Theorem 2.4, K is bad. •I 
Let F be a 2-orbifold with mirror boundaries and q: F -+ F be the double covering 
with respect to the mirror boundaries. We also call F a turnover if F is a turnover defined 
as in Section 2. 
Lemma 5.2. Let M be a 3-orbifold (not necessarily compact or orientable) which has 
no bad spheres. If M has no turnovers, then any 2-sheeted orbi-covering p: G --t M 
has no turnovers. 
Proof. By using the equivariant surgery respecting the fact that z has no bad spheres 
(see Lemma 4. I), we can detect an equivariant turnover. 0 
Theorem B’. Let M be a 3-orbifold (not necessarily compact or orientable) without 
turnovers. If M has no bad spheres, then M is good. 
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Proof. Suppose M is bad. If M is orientable, by Lemma 5.1, there is a compact and 
bad suborbifold K of M. Since it has no turnovers, this contradicts Theorem B. 
Suppose M is nonorientable. At first, by taking 2-sheeted orbi-covering, resolute the 
cone singularities on projective planes. Next, take a double on mirror boundaries. In 
this way, we have an orientable 4(or 2)-sheeted orbi-covering p: %? + M. From the 
construction and Lemma 5.2, z has no turnovers, and moreover, by Lemma 4.1, G has 
no bad spheres. Then we can reduce the nonorientable case to the orientable case. 0 
Theorem C’. Let M be a 3-orbifold (not necessarily compact, orientable, or irreducible) 
each of whose nontrivial local group is I&_. If M has no bad spheres, then M is good. 
Proof. Suppose M is bad. If M is orientable, by Lemma 5.1, there is a compact and 
bad suborbifold K of M. Separate K into irreducible pieces. From Theorem A, at least 
one piece of them is bad. Since nontrivial local groups of it are &_‘s, this contradicts 
Theorem C. 
Suppose M is nonorientable. We construct an orientable 4(or 2)-sheeted orbi-covering 
p: M + M as in the proof of Theorem B’. From the construction, all local groups of 
% are &_‘s, and moreover, by Lemma 4.1, % has no bad spheres. Then, we reduce to 
the orientable case. q 
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